Published by Institute of Physics Publishing for SISSA/ISAS Received: December 8, 2003 Accepted: January 28, 2004

N = 2 3d-matrix integral with Myers term

Dan Tomino

High Energy Accelerator Research Organization Tsukuba, Ibaraki 305-0801, Japan E-mail: dan@post.kek.jp

Abstract: An exact matrix integral is evaluated for a 2 × 2 3-dimensional matrix model with Myers term. We derive weak and strong coupling expansions of the effective action. We also calculate the expectation values of the quadratic and cubic operators. Implications for non-commutative gauge theory on fuzzy sphere are discussed.

Keywords: Strong Coupling Expansion, Non-Commutative Geometry, Matrix Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep012004062 /jhep012004062 .pdf

Contents

1. Introduction 1

2. Partition function 2 2.1 Weak coupling expansion 4

3. 2-point function 5

4. 3-point function 6

5. Summary and discussion 6

1. Introduction

Matrix models in fuzzy homogeneous space [1] can be thought as useful tools for further understanding of matrix dynamics, which is important from the viewpoint of non-perturbative definitions of superstring and M-theory [2, 3]. Non-commutative (NC) gauge theories on homogeneous space are realized by these matrix models. Especially a matrix model on fuzzy sphere: SU(2)/ U(1) is the simplest one of them. It allows us to calculate the effective action of NC gauge theory explicitly and to determine the vacuum configuration of the space and gauge theory on it by minimization of the effective action.

The minimal model which realizes NC gauge theory on fuzzy sphere is a 3-dimensional matrix model with Myers term [4]: S = − 1 4 Tr[A_μ, A_ν ][A_μ, A_ν ] + i 3 αϵ_{μνρ} Tr[A_μ, A_ν ]A_ρ + 1 2 Tr Ψ̄σ^μ[A_μ, Ψ] . (1.1)

where A_{μ=1,2,3} and Ψ are N × N traceless hermitean matrices. Ψ is two component Majorana spinor and σ^μ are Pauli matrices. The equation of motion is

[A_μ, [A_μ, A_ν ]] + iαϵ_{μρν} [A_μ, A_ρ] = 0 . (1.2)

Fuzzy sphere is a non-trivial classical solution of (1.2)

A_μ = αj_μ ⊗ 1_{n×n}, (1.3)

where j_μ are spin l representation of SU(2). Expanding the matrix model around this configuration, one can obtain NC gauge theories on fuzzy sphere. The fixed parameters of this model are the matrix size N = n(2l + 1) and the constant α. In an analogous way, one can construct the NC gauge theories on fuzzy sphere by a deformed IIB matrix model: S_{IIB} → S_{IIB} + i 3 αϵ_{μνρ} Tr[A_μ, A_ν ]A_ρ . (1.4)

– 1 –

Recently effective actions of NC gauge theory on fuzzy sphere are investigated in [5] and [6]. Perturbative calculations have been carried out up to 2-loop level. These calculations indicate an instability for the matrix models with Myers term and non-trivial realization of fuzzy S_2 × S_2 in IIB matrix model (without Myers term). In strong coupling region of NC gauge theories, however, 2-loop calculations are less-reliable. To further investigate strong coupling region, we need higher loop information, but loop calculations become harder and harder. In this note, we try another approach: an exact calculation of a matrix model with Myers term.

Of course, an exact calculation of IIB matrix model with Myers term for any matrix size N is very difficult. However, we can perform an exact calculation of a 3d matrix model with Myers term when the size of matrices is 2. The purpose of this paper is to report it. N = 2 3d matrix model, of course, may be too simple. But we hope to draw non-trivial information of strong coupling theories from this toy model.

The organisation of this paper is as follows. We calculate the partition function of the N = 2 3d matrix model with Myers term exactly in section 2. Without Myers term, several exact calculations of matrix models have been reported [7]-[15]. The method of our calculation is modelled on [7]. We derive weak and strong coupling expansions of the partition function. Next, we calculate the expectation value of some gauge invariant operators: Tr AA and Tr ϵAAA in sections 3 and 4. Finally we discuss the results and their implication to NC gauge theory on fuzzy sphere.

2. Partition function

We calculate the integral Z = ∫ dAdΨ exp(−S[A, Ψ]) , (2.1)

where S is the matrix model action given by (1.1).

A_μ and Ψ can be expanded by Pauli matrices

A_μ = 3∑ a=1 A^a_μ 1 2 σ^a , Ψ = 3∑ a=1 Ψ^a 1 2 σ^a . (2.2)

We fix the measure of the integral as follows dA ≡ 3∏ μ=1 3∏ a=1 ∫_∞ −∞ dA^a_μ √ 2π ,

dΨ ≡ 2∏ α=1 3∏ a=1 ∫ dΨ^a_α . (2.3)

Using the SO(3) rotational invariance, the matrix components A^a_μ can be taken as

A^1 = (L, 0, 0) , A^2 = (a_1, R_1 cos θ_1, R_1 sin θ_1) , A^3 = (a_2, R_2 cos θ_2, R_2 sin θ_2) . (2.4)

– 2 –

In this parametrization − 1 4 Tr[A_μ, A_ν ]^2 = 1 4 ( L^2(R^2_1 + R^2) + R^2_1R^2 sin^2 θ + a^2_1R^2 +

+ a^2R^2_1 − 2a_1a_2R_1R_2 cos θ ) , − i 3 ϵ_{μνρ} Tr[A_μA_ν ]A_ρ = LR_1R_2 sin θ , (2.5)

where θ = θ_1 − θ_2.

First, we carry out the fermion integral. The result is ∫ dAdΨ exp(−S[A, Ψ]) = ∫ dA Pf(A) exp(−S[A]) , (2.6)

where Pf(A) is the Paffian:

Pf(A) = − i 12 ϵ_{μνρ} tr[A_μA_ν ]A_ρ . (2.7)

The form of Paffian (2.7) allows us to calculate Z from the bosonic partition function Z, i.e. Z = 1 4 ∂Z ∂α , (2.8) Z = ∫ dA exp ( 1 4 Tr[A_μ, A_ν ]^2 − i 3 αϵ_{μνρ} Tr[A_μA_ν ]A_ρ ) . (2.9)

Gathering the above results, the integral (2.1) becomes Z = 1 4 ∂ ∂α (2π)^2 ( √ 2π)^9 ∫_∞ −∞ dL ∫_∞ 0 dR_1 ∫_∞ 0 dR_2 ∫_∞ −∞ da_1 ∫_∞ −∞ da_2 ∫_{2π} 0 dθ(L^2R_1R_2) ×

× exp [ − 1 4 ( L^2(R^2_1 + R^2) + R^2_1R^2 sin^2 θ + a^2_1R^2 +

+ a^2R^2_1 − 2a_1a_2R_1R_2 cos θ − 4αLR_1R_2 sin θ ) ] . (2.10)

After integrating over a_1 and a_2, (2.10) becomes 1 4 ∂ ∂α 4π (2π)^{9/2} ∫_∞ −∞ dL ∫_∞ 0 dR ∫_{2π} 0 dθ | sin θ| L^2 √ L^2 + R^2 sin^2 θ ×

× ∫_∞ −^{2αLR sin θ} √_{L2+R2 sin2 θ} dr e^{− 14 r2} exp [ − 1 4 L^2R^2 ( 1 − 4α^2 sin^2 θ L^2 + R^2 sin^2 θ ) ] . (2.11)

The r-integration in (2.11) can be done by using the Taylor expansion, ∫_∞ −^{2αLR sin θ} √_{L2+R2 sin2 θ}

e^{− 14 r2} dr = √ 4π − ∞∑ n=0 1 (2n + 1)n! ( −1 4 )_n ( −2αLR sin θ √ L^2 + R^2 sin^2 θ )_{2n+1} . (2.12)

– 3 –

The odd power series for L vanishes by the L-integral, then only √ 4π part in (2.12) is left.

After changing the integration variables: R = x/L and L^2 = yx sin θ, and using the Taylor expansion of the exponential function again, the integral (2.11) becomes Z = 8π^{7/2} (2π)^{9/2} ∂ ∂α ∞∑ n=0 α^{2n} n! W_nX_nY_n , (2.13)

where

W_n = ∫_∞ 0 dy y^{n+1/2} (1 + y^2)^{n+1/2} = 2^{−n− 1}2 √ πΓ ( −^1_4 +^n_2 ) Γ (_1 4 +^n_2

) (n ≥ 1) , (2.14)

X_n = ∫_π 0 dθ(sin θ)^{n− 12} = √ πΓ (_1 4 +^n_2 ) Γ (_3 4 +^n_2

) , (2.15)

Y_n = ∫_∞ 0 dx x^{n+ 12} e^{− 14 x2} = 2^{n+ 12} Γ ( 3 4 + n 2 ) . (2.16)

Since the integral W_n diverges when n = 0, the bosonic partition function Z is divergent. This divergence is, however, independent of α. So Z itself is finite and has the form Z = 1 √ 2 ∞∑ n=0 1 n! Γ ( n 2 + 1 4 ) α^{2n+1} . (2.17)

The formula (2.17) gives us the strong coupling expansion of Z.^1 Furthermore we can carry out the summation in (2.17) as the following ∞∑ n=0 1 n! Γ ( n 2 + 1 4 ) α^{2n+1} = α ∫_∞ 0 e^{−z+α2√z} z^{3/4} dz . (2.18)

The z-integral can be written by the modified Bessel functions. Finally we divide Z by the SU(N)/Z_N gauge volume factor:

2^{N(N+1)}2 π^{N−1}2 2 √ N ∏_{N−1} k=1 k! | | | N=2 = 2^{32} √ π . (2.19)

In this way, we obtain the final form of Z: Z = 1 4 √ π α^2e^{α48} [ π √ 2I_− 1_4 ( α^4 8 ) − K 1_4 ( α^4 8 ) ] , (2.20)

where I_n(x) and K_n(x) are the modified Bessel functions.

2.1 Weak coupling expansion

In order to compare the above result with the perturbative calculation of NC gauge theory on fuzzy sphere, we look for the weak coupling expansion. From the asymptotic expansion

1We recall that 1/α^2 is proportional to the coupling constant of NC gauge theory [5].

– 4 – of the Bessel functions: I_ν (z) ∼ e^z √ 2πz ∞∑ n=0 (−1)^n n! 1 (2z)^n

Γ(ν + n + 1/2) Γ(ν − n + 1/2) + e^{−z+(ν+1/2)πi} √ 2πz ∞∑ n=0 (−1)^n n! 1 (2z)^n

Γ(ν + n + 1/2) Γ(ν − n + 1/2) ,

K_ν ∼ √ π 2z e^{−z} ∞∑ n=0 1 n! 1 (2z)^n

Γ(ν + n + 1/2) Γ(ν − n + 1/2) , we obtain the weak coupling expansion of the partition function Z ∼ 1 √ 2 e^{α44} [_∞ ∑ n=0 ( −4 α^4 )_n 1 n! Γ(1/4 + n) Γ(1/4 − n) ]

= 1 √ 2 e^{α44} [ 1 + 3 4 1 α^4 + 165 32 1 α^8 + 3465 128 1 α^{12} + · · · ] (2.21)

and the effective action F = − log Z ∼ − α^4 4 + 1 2 log 2 − 3 4 1 α^4 − 3 1 α^8 − 99 4 1 α^{12}

+ · · · . (2.22)

On the other hand, the perturbative calculation of the effective action was done up to 2-loop level in [5]. The 2-loop calculation has the form

F_{per} = − α^4 6 Nl(l + 1) + 1 2 log 2 + 1 α^4

[−n^3(F_{3p}(l) − 3F_5(l)) − n(F_{3np}(l) − 3F_5(l))] + +(higher loops). (2.23)

N = n(2l + 1) is the matrix size. In this case N = 2, so we set n = 1 and l = 1/2. The first term in (2.23), corresponding to the tree level contribution, is −α^4/4 for N = 2, l = 1/2. The second term is the one loop contribution. The subsequent terms are contributions from the two loop calculation. The definitions of F_x(l) are given in [5], and in our case F_{3p}(^1_2 ) = F_{3np}(^1_2 ) = 3/8. In this way we confirm that the perturbative calculation reproduces the weak coupling expansion (2.22):

F_{per} = − α^4 4 + 1 2 log 2 − 3 4 1 α^4

+ (higher loops) . (2.24)

3. 2-point function

We subsequently calculate the normalized expectation values of the gauge invariant operators. First, we consider the quadratic operator: Tr A_μA_μ. This operator has a geometrical interpretation: the extension in NC space. Due to SO(3) rotational and SU(2) gauge invariance, ⟨Tr A_μA_μ⟩ = 3 2 ⟨(A^1)^2⟩ = 3 2 ⟨L^2⟩ . (3.1)

– 5 –

The calculation of (3.1) can be done by the same way as the partition function. However, an infrared problem occurs; ⟨L^2⟩ is divergent. We need to regularize this quantity by adding a mass term δ Tr AA into the action. In this regularization, ⟨L^2⟩ for sufficiently small δ assumes the following form

⟨L^2⟩ = γ + 2 ∫_∞ 0 (e^{α2√z} − 1)e^{−z} (_1

z^{1/4} + 1 z^{5/4} ) dz ∫_∞ 0 e^{α2√z−z} z^{3/4} dz (3.2)

where γ =^{1√}_δ Γ

(_1 2 ) . Using the saddle point method, we can show

⟨ L^2 ⟩ ∼ 2^{− 32} α^3γ e^{− α44} + α^2 + 4 α^2

. (3.3)

This approximation is valid for large α, i.e. in weak coupling region, where ⟨L^2⟩ ∼ α^2. It is consistent with the classical behaviour, since^1_N Tr A^2 = α^2l(l + 1) in a fuzzy sphere solution. The α^{−2} behaviour corresponds to the one-loop contribution of NC gauge theory on fuzzy sphere [6]. The γ-dependent part is small for large α. The factor e^{− α4}4 in the γ-dependent part implies that it can be identified with the contribution from commutative configurations s.t [A, A] = 0. It is because the value of the classical action vanishes for the commutative configurations and equals −α^4/4 for the fuzzy sphere configuration. On the other hand, by using the strong coupling expansion (2.17), we find

⟨ L^2 ⟩ = γ Γ (_1 4 ) + O(α) . (3.4)

In the strong coupling region, the value of ⟨L^2⟩ is regularization dependent.

4. 3-point function

Next, we consider the expectation value of the cubic gauge invariant operator: ⟨ i 3 ϵ_{μνρ} Tr A_μ[A_ν , A_ρ] ⟩ . It is easily obtained without divergence as the followings ⟨ i 3 ϵ_{μνρ} Tr A_μ[A_ν , A_ρ] ⟩ = ∂F ∂α ∼ −α^3 weak coupling, − 1 α strong coupling.

(4.1)

5. Summary and discussion

In this paper we have carried out an exact calculation of 3-dimensional N = 2 matrix model with Myers term. A finite partition function has been obtained. It is interesting also from the point of view of convergence theorem for YM matrix integral [16, 17]. Without Myers term, 3d-matrix model does not satisfy the convergence condition. In our case, however, the introduction of Myers term breaks the basic assumptions for the proof of the theorem [16], so there is no contradiction between these results.

– 6 –

The weak coupling expansion of the exact effective action reproduces the perturbative calculation in NC gauge theory on fuzzy sphere. On the other hand, the strong coupling expansion (2.17) shows F ∼ − log α. It is consistent with the conjecture in [6] and makes our expectation more plausible concerning general behaviour of the effective action in strong coupling region. Next, we have calculated the expectation values of the 2-point function: Tr AA. This is a divergent quantity and we need a mass term regularization. We find the classical and one-loop contributions discussed in [6] from the regularization independent parts. The regularization dependent part cannot be identified as the perturbative expansion around the fuzzy sphere configuration. It should comes from the commutative configuration. We have also calculated the expectation values of the 3-point function: Tr ϵAAA. It requires no regularization but diverges at α = 0. The divergence is caused by the singular behaviour of the partition function Z as it vanishes at α = 0. However we could expect that Z|_{α=0} ≠ 0 for generic N.

The extension of NC space is measured by these operators. It corresponds to the radius of fuzzy sphere in weak coupling region where NC space is described classically. On the other hand the extension is different from the classical one in strong coupling region. The infrared divergence gives an infinite value for the range of extension in strong coupling region. On the other hand, for N > 2 or higher dimensional matrix models, the expectation value of Tr AA may be convergent. The finite extension is expected in this case. The characterization of the NC space in this region is an interesting problem. It is conjectured that fuzzy sphere is connected to blanched polymers in strong coupling region [6]. We need further information of larger N and higher dimensional models to confirm it.

For N > 2 case and IIB matrix model with Myers term, performing exact calculations by using the method in this paper seems to be difficult. The approach from numerical simulations or cohomorogical field theory [8] may be useful in those cases.

Acknowledgments

I would like to thank Y. Kitazawa for discussions and many comments. I am also grateful to T. Imai and Y. Takayama for discussions.

References

[1] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B 642 (2002) 210 [hep-th/0207115].

[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[3] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[4] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

– 7 –

[5] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections on fuzzy sphere, Nucl. Phys. B 665 (2003) 520 [hep-th/0303120].

[6] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Effective actions of matrix models on homogeneous spaces, Nucl. Phys. B 679 (2004) 143 [hep-th/0307007].

[7] T. Suyama and A. Tsuchiya, Exact results in N_c = 2 IIB matrix model, Prog. Theor. Phys.

99 (1998) 321 [hep-th/9711073].

[8] G.W. Moore, N. Nekrasov and S. Shatashvili, D-particle bound states and generalized instantons, Commun. Math. Phys. 209 (2000) 77 [hep-th/9803265].

[9] W. Krauth, H. Nicolai and M. Staudacher, Monte Carlo approach to M-theory, Phys. Lett. B 431 (1998) 31 [hep-th/9803117].

[10] S. Bal and B. Sathiapalan, High temperature limit of the N = 2 matrix model, Mod. Phys.

Lett. A 14 (1999) 2753 [hep-th/9902087].

[11] J. Hoppe, V. Kazakov and I.K. Kostov, Dimensionally reduced SY M_4 as solvable matrix quantum mechanics, Nucl. Phys. B 571 (2000) 479 [hep-th/9907058].

[12] W. Krauth and M. Staudacher, Yang-Mills integrals for orthogonal, symplectic and exceptional groups, Nucl. Phys. B 584 (2000) 641 [hep-th/0004076].

[13] G.M. Cicuta, L. Molinari and G. Vernizzi, Yang-Mills integrals, J. Phys. A35 (2002) L51–L59 [hep-th/0109160].

[14] V. Pestun, N = 4 SYM matrix integrals for almost all simple gauge groups, J. High Energy Phys. 09 (2002) 012 [hep-th/0206069].

[15] P. Austing, G. Vernizzi and J.F. Wheater, Polyakov lines in Yang-Mills matrix models, J.

High Energy Phys. 09 (2003) 023 [hep-th/0309026].

[16] P. Austing and J.F. Wheater, The convergence of Yang-Mills integrals, J. High Energy Phys.

02 (2001) 028 [hep-th/0101071]; Convergent Yang-Mills matrix theories, J. High Energy Phys. 04 (2001) 019 [hep-th/0103159].

[17] W. Krauth and M. Staudacher, Finite Yang-Mills integrals, Phys. Lett. B 435 (1998) 350 [hep-th/9804199]; Eigenvalue distributions in Yang-Mills integrals, Phys. Lett. B 453 (1999) 253 [hep-th/9902113];

W. Krauth, J. Plefka and M. Staudacher, Yang-Mills integrals, Class. and Quant. Grav. 17 (2000) 1171 [hep-th/9911170].

– 8 –